ABSTRACT. This article is devoted to the solvability of the inverse problem for linear ultraparabolic equation. The problem contains the unknown function in the boundary condition. The existence and the uniqueness of the solution for the mixed problem for linear ultraparabolic equation with the nonhomogeneous boundary conditions on the space variables are also obtained.
Introduction
In the theory of partial differential equations a problem in which the solution of the equation and some of the coefficients of the equation, or its right-hand side, or the initial data are unknown, is called an inverse problem. This problem contains the same conditions as a direct problem, and conditions related to the presence of additional unknown functions. These conditions are called overdetermination conditions and they can take an integral or final form.
The inverse problems for the equation of parabolic type are introduced in the work of A. T i k h o n o v in 1935 [14] , where the problem of recovering the initial data of the Cauchy problem for the heat conduction equation with the final overdetermination is considered. In 1962 [4] using methods of the theory of integral equations and Schauder fixed point theorems for the first time the unknown coefficient that depends on time in parabolic equation was determined. Later, various methods of inverse problems for parabolic equations were developed in the works [3] , [5] , [9] , [11] and others. In the work [10] the problem of recovering a kernel of the integrodifferential equation with the two time variables is studied and an application to an ultraparabolic integrodifferential equation is given.
In this paper the inverse problem for a linear ultraparabolic equation is considered. The problem determines the unknown solution of the equation and unknown boundary condition with respect to the part of spatial variables. In order to find the unknown function in the boundary condition, the integral overdetermination condition is posed. Moreover, some classes of linear ultraparabolic equations for which the mixed problem with known nonhomogeneous conditions has a unique solution are found. For the wave equation an inverse problem of recovering of the boundary conditions is considered in [1] . To establish the solvability of the mixed boundary value problem for ultraparabolic equation we applied the Galerkin method. Note that in the works [6] , [7] , [12] , [13] using this method the solvability of mixed problems for ultraparabolic equations in bounded or unbounded domains is studied.
Formulation of problems
Let Ω ⊂ R n and D ⊂ R l be bounded domains with boundaries ∂Ω and ∂D correspondingly;
, ν 2 -the outward unit normal vectors to the surfaces S T and Σ T correspondingly,
In the domain Q T we consider the problem
where
INVERSE PROBLEM FOR AN ULTRAPARABOLIC EQUATION
Our task is to find a pair of functions (u, p) that satisfies the equation (1), the boundary conditions (2), the initial condition (3) and the overdetermination condition (4) .
Let us introduce the following spaces:
• C k (O)-the space of all k-times continuously differentiable functions on O;
Let us assume that such condition (S) holds; there exists
such that mes Γ 1 > 0 and the surface S
We also consider functions a ij , c, λ i , f, K, u 0 , h, E that satisfy the following hypotheses:
We differentiate the overdetermination condition (4) on t and substitute therein u t from the equation (1)
Then we integrate by parts in the second and the third term of (5) and express p(t) from the result
Denote
Ò Ø ÓÒ 1º A pair of functions (u, p) is a weak solution to the problem
p(0) = 0 and (u, p) satisfies the equality
for all functions v ∈ V 1 (Q T ) and the formula (6) holds.
Given a function p * ∈ W 1,2 (0, T ) such that p * (0) = 0, consider the mixed problem for the equation (1) with the initial condition (3) and the boundary conditions ∂u
= 0 is a solution to the problem (1), (3), (8) if it satisfies the equality
for all functions v ∈ V 2 (Q T ) and the initial condition (3) holds.
Existence and uniqueness of solution for direct problem
Let us prove the existence and the uniqueness of the solution to the problem (1), (3), (8) . be an arbitrary orthogonal fundamental system of the space W 1,2 (Ω), which is orthonormal in the space
Ì ÓÖ Ñ 1º Suppose that the hypotheses (A), (C), (L), (U), (H), (S), (F) and the conditions a ijt , a ijy
be the orthogonal basis of the space v :
where ψ s (s 1) are eigenfunctions of the problem
that correspond to the eigenvalues μ s . Here
Let us consider the functions
where c 
Note that (11) , (12) is the Cauchy problem for the system of ordinary differential equations of the first order on the vector of functions c N (t) := c , where the constant α > 0, summing up with respect to s and k, integrating with respect to t over the interval [0, τ], we obtain
We estimate the right-hand side in (13) using the estimate [8, p. 77, formula 6.24]
for an arbitrary ε > 0, and the constant C(ε) depending on ε and not depending on v
Integrating by parts in the first and second term of (13) and taking into account I 1 we obtain the estimate
Choosing ε and α from the inequalities 2a 0 > ε and α > λ
where the constant M 1 does not depend on N. Multiply (11) by the eigenvalue of the problem (10) μ s and by c 
We estimate the left-hand side from (17) similarly to [6] . Then using I 2 , from (17) we obtain the estimate
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Choose ε, δ, α from the inequalities
Using (16), we derive the estimate
where the constant M 2 does not depend on N. Multiplying (11) by c N k,st (t), summing up with respect to s and k and integrating with respect to t from 0 to τ we have the equality
We estimate the right-hand side in (20) by using the estimate (14):
According to I 3 , from (20) we get
From (21) there follows the estimate
where the constant M 3 does not depend on N. From estimates (16), (19), (22) there follows the existence of some subsequence u * ,
of the sequence
Then similarly to [8] we prove that u * is the solution to the problem (1), (3), (8) . (1), (3), (8) cannot have more than one solution.
Ì ÓÖ Ñ 2º Under the hypotheses (A), (C), (L) the problem
P r o o f. Assume that there exist two solutions u * ,1
, u * ,2 to the problem (1), (3), (8) . Their difference u * ,1,2 = u * ,1 − u * ,2 satisfies the equality 
Remark 2º
If u * is the solution to the problem (1), (3), (8) , then 
Existence and uniqueness of solution for the inverse problem

Ì ÓÖ Ñ 3º Let the conditions (A), (C), (L), (U), (H), (E), (K), (F), (S),
a ij ∈ W 1,∞ (Q T ), a ijx i t , c y s , c t ∈ L ∞ (Q T ), f y s , f t ∈ L 2 (Q T ), f | S 1 T = 0, λ st , λ sy s t ∈ L 2 (Q T ), h y s , h t ∈ L 2 Π T ; W 1
